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Abstract 



Let fl € i 9 (S'™ _1 ) with 1 < q < oo be homogeneous of degree 
zero and has mean value zero on S n . In this paper, we will study 
the boundedness of homogeneous singular integrals and Marcinkiewicz 
integrals with rough kernel on the weighted Morrey spaces L p,K (w) for 
q 1 < p < oo(or q' < p < oo) and < K < 1. We will also prove that the 
commutator operators formed by a BMO(W l ) function b(x) and these 
rough operators are bounded on the weighted Morrey spaces L p ' K (w) 
for q' < p < oo and < k < 1. 
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Keywords: Homogeneous singular integrals; Marcinkiewicz integrals; 
rough kernel; weighted Morrey spaces; commutator; A p weights 

1. Introduction 

Suppose that S 1 ™ -1 is the unit sphere in M n (n > 2) equipped with the 
normalized Lebesgue measure da. Let Q G L 9 (S' n ~ 1 ) with 1 < q < oo be 
homogeneous of degree zero and satisfy the cancellation condition 



where x' = x/\x\ for any x 7^ 0. The homogeneous singular integral operator 
Tri is defined by 





and a related maximal operator Mq is defined by 



M n f(x) = sup±- [ \n(y')f(x-y)\dy 



r>0 r J\y\<r 
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Let b be a locally integrable function on W 1 , the commutator of b and Th is 
defined as follows 

[b,T n ]f(x) = b(x)T n f(x)-T n (bf)(x). 
The Marcinkiewicz integral of higher dimension fiQ is defined by 

1/2 



(poo Jj. \ 

j o \Fa, t (x)\ 2 ¥ j 



where 

It is well known that the Littlewood-Paley (/-function is a very important 
tool in harmonic analysis and the Marcinkiewicz integral is essentially a 
Littlewood-Paley ^-function. In this paper, we will also consider the com- 
mutator [b, fin] which is given by the following expression 

1/2 



where 



= [ ." ( ^ m-i Pfo) " Ky)]fiv)dv. 

J\x-y\<t \ x ~ V\ 

The classical Morrey spaces £ P,A were first introduced by Morrey in 
[10] to study the local behavior of solutions to second order elliptic par- 
tial differential equations. Recently, Komori and Shirai [9] considered the 
weighted version of Morrey spaces LP' K {w) and studied the boundedness of 
some classical operators such as the Hardy-Littlewood maximal operator, 
the Calderon-Zygmund operator on these spaces. 

The main purpose of this paper is to discuss the weighted boundedness 
of the above operators Mq, and [Iq with rough kernels on the weighted 
Morrey spaces L p ' K (w) for q' < p < oo and < k < 1, where we set the 
notation q' = q/{q — 1) when 1 < q < oo and q' = 1 when q = oo. We shall 
also show that the commutators [b, Tq] and [b, are bounded operators on 
the weighted Morrey spaces L p ' K {w) for q' < p < oo and < k < 1, where 
the symbol b belongs to BMO(W l ). Our main results are stated as follows. 

Theorem 1. Assume that tt G L q (S n ~ l ) with 1 < q < oo. Then for every 
q' < P < oo, w G A p / q i and < k < 1, there exists a constant C > 
independent of f such that 

\\Mn(f)\\ <C\\f\\ 
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Theorem 2. Assume that n G ^(S 11 - 1 ) with 1 < q < oo. T/ien /or every 
q' < p < oo, w G -Ap/ 9 ' owid < k < 1, i/iere exists a constant C > 
independent of f such that 

\\Tn(f)\\LP' K (w) < C\\f\\ LP ,K( w ). 

Theorem 3. Assume that n G L«(S ,n_1 ) mit/i 1 < g < oo and 6 G BMO(l"). 
Then for every q' < p < oo, u; G Ap/ ? ' and < k < 1, £/iere exists a constant 
C > independent of f such that 

\\[b,Tn](f)\\ LP , KM <C\\f\\ LP , Hw) . 

Theorem 4. Assume that Q G ^(S" 1 " 1 ) with 1 < g < oo. T/ien /or every 
q' < p < oo, if G ^4p/ g ' a^id < k < 1, i/iere exists a constant C > 
independent of f such that 

ll^n(/)||LP.«(«>) < CII/IIlp^w)- 

Theorem 5. Assume f/iaifi G L^S" -1 ) tutto 1 < g < oo and b G BMO(M"). 
Then for every q' < p < oo, w G ^p/ ? ' a^d < k < 1, there exists a constant 
C > independent of f such that 

\\[b, m](f)\\ LP , K{w) < C||/||lp.«(«,)- 

2. Notations and definitions 

First let us recall some standard definitions and notations. The classi- 
cal A p weight theory was first introduced by Muckenhoupt in the study of 
weighted LP boundedness of Hardy-Littlewood maximal functions in [11]. A 
weight w is a locally integrable function on R n which takes values in (0, oo) 
almost everywhere, B = B(xo,r) denotes the ball with the center xq and 
radius r. We say that w G A p , 1 < p < oo, if 

J W ^ dX ){jW\J W<yX " > ^ dx ^j - C for every ballS C ]R n , 

where C is a positive constant which is independent of B. 
For the case p = 1, w G A\ , if 

— !— f w(x) dx < C ess'mfw(x) for every ball B C R n . 
\B\ J B xeB 
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A weight function w is said to belong to the reverse Holder class RH r if 
there exist two constants r > 1 and C > such that the following reverse 
Holder inequality holds 

J w(x) r dx^j 1 <C J w(x) dx^j for every ball B C R n . 

It is well known that if w G A p with 1 < p < oo, then w G A r for all 
r > p, and w G A q for some 1 < q < p. If w € A p with 1 < p < oo, then 
there exists r > 1 such that w € RH r . 

We give the following results that we will use frequently in the sequel. 

Lemma A ([6]). Let w G A p , p > 1. Then, for any ball B, there exists an 
absolute constant C such that 

w(2B) < Cw(B). 

In general, for any A > 1, we have 

w(XB) < CX np w(B), 

where C does not depend on B nor on A. 

Lemma B ( [7] ) . Let w G RH r with r > 1 . Then there exists a constant C 
such that 

HE) < c f\E\\ ^-D/r 



w{B) ~ \\B\ 
for any measurable subset E of a ball B. 

A locally integrable function b is said to be in BMOiW 1 ) if 



= sup—!— / \b(x) — bs\ dx < oo, 
b \B\ J B 



where bs = 4 f B b(y) dy and the supremum is taken over all balls B in M n . 

Theorem C ([5,8]). Assume that b G BMO(R n ). Then for any 1 < p < oo, 

we have ^ 

T {w\ j B ^ x) ~ hB \ P dx ) - c ^*- 

Next we shall define the weighted Morrey space and give one of the 
results relevant to this paper. For further details, we refer the readers to [9]. 
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Definition 1. Let 1 < p < oo, < k < 1 and w be a weight function. Then 
the weighted Morrey space is defined by 

L^H = {/ G Lf o » : ||/|| LP , K(W) < oo}, 

where ^ 

II/IIl^H = sup \f(x)\ p w(x) dx^j 

and the supremum is taken over all balls B inW 1 . 

In [9], the authors obtained the following result. 

Theorem D. //l<p<oo ; 0<K<l and w G A p , then the Hardy- 
Littlewood maximal operator M is bounded on L p,K (w). 

We are going to conclude this section by giving several results concern- 
ing the weighted boundedness of rough operators Mq, Th and /iq on the 
weighted L p spaces. Given a Muckenhoupt's weight function w on W 1 , for 
1 < p < oo, we denote by L P u (M n ) the space of all functions satisfying 

\ Vp 



Ll = ([ \f(x)\ P w( X )dx) P <OC. 



Theorem E ([4]). Suppose that Q, G L q (S n 1 ), 1 < q < oo. Then for every 
q' < p < oo and w G A p j q i, there is a constant C independent of f such that 

\\Mn(f)\\ Ll <C||/lk 

||Ta(/)|| L P <C||/|| l p. 

Theorem F ([2]). Suppose that fi G L <? (S' n ~ 1 ), 1 < q < oo. Then for every 
q' < p < oo and w G ^4 p / g ', there is a constant C independent of f such that 

hn(f)\\ L? <C\\ 



Theorem G ([3]). Suppose that Q G L q (S n ~ r ) with 1 < q < oo and b G 
BMO(R n ). Then for q' < p < oo and w G ^4 p / g ', i/iere is a constant C > 
independent of f such that 

\\[b, m ](f)\\ LPw <c\\f\\ Ll . 

Throughout this article, we will use C to denote a positive constant, 
which is independent of the main parameters and not necessarily the same 
at each occurrence. By A ~ B, we mean that there exists a constant C > 1 
such that ^ < ^ < C. 
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3. Proof of Theorem 1 

First, by using Holder's inequality, we can easily see that 

M n f(x)<C-\\n\\ Lq{Sn -r ) M ql (f)(x), 

where M q ,(f)(x) = M(|/|«')(x) W. Then for q' < p < oo and w G A p/q ,, it 
follows immediately from Theorem D that 



Lp> k (w) II vl J I / \\lp/i > k (w) 

<c||i/K 



< C||/||LP."(tu)- 

Now we consider the case p = q' ■ Fix a ball i? = B{xq,tb) Q U n and 
decompose / = /i + /2, where /i = /x 2S , X 2 s denotes the characteristic 
function of 2i?. Since Mf7 is a sub linear operator, then we have 



^(/W.JW,)*)'* 

+;^(/J M " /2 < I) l pm M <fa ) 1/ * 



Theorem E and Lemma A imply 

■ Vp 

/i < 

<C„7„ LP , K(W) . w{B)K/p 

< C||/||l^( w ). 

We turn to estimate the term I2. For any given r > and x € -B, by Holder's 
inequality and the A\ condition, we thus obtain 



w{2B) K / p (1) 



\ [ \n(y')f 2 (x-y)\dy 

J\y\<r 

1 / f „,a , \V?/ /■ , . , xlo , \1/P 



r v J|?/|<r ' V J|y|<r 



^'"""^''(^Li'*^) 1 " 
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< c • wnu^ (^Tyy / \Hv)\Mv) dy) 



1/p 



A simple geometric observation shows that when x £ B(xq,vb) and y € 
B(x,r) fl (2B(x ,rB)) c , then we have B(xQ,rs) Q 3B(x,r). Hence 



-i / W)/ 2 (x-y)|dy<C||/|| 



1 



w;( J B(x,r))( 1 - K )/P 



Lp. k (wj) ' 



Taking the supremum over all r > 0, we can get 

< cii/ii,,.,^ • -^_L__, 

which implies 

h < C\\f\\ LP , K{w y (2) 

Combining the above inequality (2) with (1) and taking the supremum over 
all balls B C IR n , we obtain the desired result. 
4. Proofs of Theorems 2 and 3 

Proof of Theorem 2. Fix a ball -B = B(xo, vb) and decompose f = fi + f'2, 
where f\ = fx 2 B ■ Then we have 



i/p 



^(/^Wlh*)*)' 

£ ^r7?(/ B |rn/lWI "" w<iI ) 
+ ^(/ fl |Tn/2(l)Ma;)dl ) 1/ '' 

= Ji + J 2 . 
Theorem E and Lemma A give 

w(2B) K / p 



< C\\f\\LP^{w) 

< C\\f\\ L P^( w y 



W 



(B) k /p 
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In order to estimate J 2 , we first deduce from Holder's inequality that 
\Ta(h)(x)\ 

(2by \ x - y\ 

When iGB and y G 2^ +1 B\2^ B, then by a direct calculation, we can see 
that 2j~ 1 r B < \y - x\ < 2^ +2 r B . Hence 

\n((x-y)')\ q dy) 1/q KC-W^W^-.p^B^. (3) 



/2J+ 1 B\2JB 

We also note that if x £ B, y € {2B) C , then |y — x\ ~ |y — aro|. Consequently 

it JMJ!l (% ) w <_!_(/• | /( , )r » w 

So we have 



1 /* 1 / ' 

l^(A)W|scE(j SH5 ij( (fll) l/WI«'*) ■ 

We shall consider two cases. When p = q', then by the A x condition, we get 

i/p 



1 /* 

|7h(A)W| < eg (^jpj^ / 2j+is |/Mr«(v)*) 

00 J 

< C*II/Hl„«h E u; (2 J -+ib)(i-«)/p- 



(4) 



When p > </, set s = p/q' > \. Then it follows from the Holder's inequality 
and the A s condition that 

i/p 



1 /* 

x ( / «;-''/' ( J/ )d y ) 1/iV 

00 . 



(5) 



<r|/| i^wE w(2J+ i B)M /,' 
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Hence, for every q' < p < oo, by the estimates (4) and (5), we obtain 

w(B) N {1 - R)/p 



J 2<C\\f\\ L p^)T,[ w{2j+ i B 



Since w G A p / q i, then there exists r > 1 such that w £ i?if r . By using 
Lemma B, we thus get 

< c (^l V'- 1 "". (6) 



Therefore 



1 x (l-«)(r-l)/pr 



^<C||/|| LP , KH ^(— ) 

where the last series is convergent since (1 — n)(r — l)/pr > 0. Using the 
estimates for J\ and J2 and taking the supremum over all balls B C 1", we 
complete the proof of Theorem 2. □ 

Proof of Theorem 3. As in the proof of Theorem 2, we can write 

^(J B \[b,T n m X )\ p W ( X )dxy /p 



w{BY 

i/p 

— I l I/) I, J /", ( r\\' iri r \ // r I 

w(BY 



—^—(Jj[b,T n }h(x)\ p w(x)dx) 



+ ^(/ B |[6 ' Td/2(x)|Mx) ^) 1/P 
= J[ + J' 2 . 

By Theorem E and the well-known boundedness criterion for the commuta- 
tors of linear operators, which was obtained by Alvarez, Bagby, Kurtz and 
Perez(see [1]), we see that [b, Tq] is bounded on L v w for all q' < p < 00 and 
w <G A p / Q r . This together with Lemma A yield 

<C||6||.||/||„.. M .^g < 7 > 
<C\lb\\,\\f\\ Lr .. (w) . 
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We now turn to deal with the term J' 2 . For any given x G B, we have 
|[6,2h]/2(x)|<|6(x)-6fl|- / la \ iX ~*P l \f(y)\dy 

J(2B) c \ x — y\ 

J{2by \ x - v\ 
=1+11. 

In the proof of Theorem 2, for any q' < p < oo, we have already showed 

oo 

I < C7|6(x) - b B \ ■ \\f\\ L ^ w) J2 w{2J+lB) ^ K)/p - 
Consequently 



w(B) 



f I p w(x)dx) 1/P 



1 1 f 

- c|I/IIlp ' k ^ • £ w(2 j + i g )(i->c)/ P • ( y B m - mm*) dx ) 
^ w m)( i ~ K )/ p /if, ,„ \i/p 



Using the same arguments as that of Theorem 2, we can see that the above 
summation is bounded by a constant. Hence 

l^w(x)d x y /P <CV\\ LP ^ w) (^ J B \b(x)-b B \ p w(x)dx) 1/P . 

Since w € A p / q /, then to € A p . As before, there exists a number r > 1 such 
that w G -R£f r . By the reverse Holder's inequality and Theorem C, we get 

i/p 

— 7 / \b[x) — bB\ r w[x) dx ) 



jw)-b B r'd X ) 1,pr \ j BW{ xr d x) 
<c.(^j B \ b (x)-b B r'dx) 1/pr ' 

<c\\b\u. 



l/pr 

(8) 
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So we have 

i/p 



P 



w(x)dx) <C\\b\\4f\\ LP , K{w) . (9) 



w{B) k Ip\J b 

On the other hand, it follows from Holder's inequality and (3) that 

W 



1 r 

00 1 /* 1 / ' 



+ 

= III+IV. 



Set s = p/q' > 1. Then by using Holder's inequality, we thus obtain 

(J \b(v) - b^ B \ q '\f(y)\ q ' dy) 1 " (10) 
< ( / \b(y)-b 2]+lB \ q ' s, w- s '/ s (y)dy) 1/9 ' S '( I \f{y)\ P W {y)dy) 1,P 
<C\\f\\ L ^ {w yw{2^BYlH [ \b(y)-b 2]+lB \ q ' s 'w- s '/ s (y)dy) 1/9 ' S '. 

K J2J+ 1 B J 

Let v{y) = w~ s '/ s {y) = w l - s \y). Then we have v £ A s > because w £ ^(see 
[6]), which implies v <G A q / S i. Following along the same lines as that of (8), 
we can get 

( ^rm / \b(y)-b 2j+lB \ q ' s 'v(y)dy) 1/q ' S ' <C\\b\U. (11) 

\v(23 + L B) J 2 j+l B 1 

Substituting the above inequality (11) into (10), we thus have 

( / \b(y)-b 2J+ i B \ q '\f(y)\ q 'dyY /9 ' 

<C||6||,||/|| LP ,. (w) • w(2i +1 B) K / p ■ v(2^ 1 B) 1 ^' s ' (12) 
<C|HI*||/IU-H • |2^' +1 i?|W .wi^B^/P. 

Hence 

1 / f ^ w(B)( 1 ~ K ^ p 

-^(jnF w{x)dx ) <c||6|UII/||^ (w) E w( J + 4 )(1 -, )/P 

<C||6||*||/||lp,» w . (13) 
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Now let's deal with the last term IV. Since b <G BMO(R n ), then a simple 
computation shows that 

\b 2j+ i B -b B \<C-j\\b\U. (14) 
It follows immediately from the inequalities (5) and (14) that 

1 /' 

3=1 



oo ^ . 



< C\\b\\4f\\ LP , K{w) J2j ■ w{2 j+l B)^- 1 ^ p . 



Therefore, by the estimate (6), we obtain 

i/p ^ wfB)! 1 -* 

oo 

3 



oo 

<C||6|M|/|| iP ,. M ^^ 

<c|HI.II/IUp.«w. (is) 

where w G RH r and = (1 — k)(i — l)/pr. Summarizing the estimates (13) 
and (15) derived above, we can get 

— ^ ( J b IF w(x) dx) 1/P < C\\b\\4f\\ LP , K{w) . (16) 

Combining the inequalities (7), (9) with the inequality (16) and taking the 
supremum over all balls 6CR", we conclude the proof of Theorem 3. □ 

5. Proofs of Theorems 4 and 5 

Proof of Theorem 4- Fix a ball B = B(xq, r#) C IR ra . Let / = /i + /2, where 
fi = fx 2 B • Then we have 

1 / f \ 1 /p 
\nnf{x)\ p w(x)dxj 

i/p 



w(B) k /p 

£ ^(/ £ , lTO/lW|Pl " (l)<i1 ') 



+ ^(/ B l " n/2(l)l '- (l '" icXl/P 

Ki + A' 2 . 
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Theorem F and Lemma A imply 

w{2B) Klp 

< c\\f\\ LP , Hw) ■ w{B)K/p 

< C\\f\\LP^(w)- 

To estimate K2, observe that when x <G B and y G 2 : > +l B\2 3 B(j > 1), then 
t > \x - y\ > \y - x \ - \x - x \ > 2 j ~ 1 r B - 

Therefore 

M/ 2 )(x)| = ( f°| [ r^^ mdy""^ ' 

Wo I J(2BYnW.\x-v\<t\ \x-y\ n 1 



2<2t 



< 



g(i™^^'*)-(x:j) 



3 

When SI € L°°{S n ~ l ), then by assumption, we have w € A p , 1 < p < 00. It 
follows from the Holder's inequality and the A p condition that 

00 1 If 

\Mf2)(x)\ <c||n||Loo (g »-i)g |2 ,- +1J?|1/w ■ l2j+lB{{n - 1)/n J 2 . +1B \f(y)\dy 

< cm^s^ g ( | /(y )|p«,( y ) cfo) 

x ( / ^(y)-P'/P dy ) 1/p ' (17) 

00 

<C||^|| L o C(5 „- 1) ||/|| iP ,. (w) ^u;(2^ 1 J B)( K - 1 )^. 

j'=i 

When G L q (S n ~ 1 ), 1 < g < 00, by the inequalities (3) and (5), we get 

M/2)(*)| < ciin^^f; (— j 2j+1B \f(y)\ q ' d y) 1/9 ' 

' ' " 00 2J+1B (18) 

<C||^|| L9(5n - 1) ||/|| LP , K(lu) ^u;(2^ 1 i?)( K - 1 ^. 

j'=i 



i/p 
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Hence, for 1 < q < oo, q' < p < oo, by the estimates (17) and (18), we have 



K 2 <C\\f\\ LP , K{w) J2 

< c||/IIlp.«(u- 



w(B) 
" \w{2i+ l B) 



(l-K)/p 



Using the above estimates for K\ and K 2 and taking the supremum over all 
balls B C IR n , we get our desired result. □ 

Proof of Theorem 5. As before, we can write 



w(B 



\^(j B \% m ]f(x)\ p W {x)dx) 



< 



1 



\[b,fJ.n]h( x )\ P w(x) dx 



i/p 
i/p 



W (B) K /P XJB 

+ M^(/J [6 '^ ]/2(x)IMX)da; ) 

= K[ + K' 2 . 



i/p 



Theorem G and Lemma A yield 



K[<C\\b\U\\f\\ LP , K(w) 



w(2B) K /'f 
(B) k /p 



w 



<c\\b\\4f\\ LP , Hw) . 

Finally, let us deal with the term K' 2 . For any fixed x G B, we have 
\[b, nn]f2(x)\ 



<\b(x)-b B \ 



n(x - y) 



+ 

= 1+11. 



ff 1/ 



(2BYn{y.\x-y\<t} \ x ~ U\ 



jf{y)dy 



2 (ft 



1/2 



tt(x - y) 



I {2BYC\{y.\x-y\<t} \ x ~ V 



^[b(y)-b B ]f(y)dy 



*dt 



1/2 



In the proof of Theorem 4, for any q' < p < oo, we have already proved 

oo 

I < C\b(x) - b B \ ■ \\f\\ LV „ {w) w(2^B)^y?. 

3=1 



14 



Following the same lines as in the proof of Theorem 3, we obtain 

-^_( Jw w (x)dx) l ' P < C\\b\\4f\\ LP ^ w y 

On the other hand, we note that when x G B and y G 2 1+l B\2 3 B(j > 1), 
then we have t > 2^~ 1 r B - Consequently 

IKCY , .} — ■ I f {X ~ y) \ \b{y)-b B \\f{y)\dy 
- Z^\ 23 +i B \i/n Jx+iB^B \x-y\ n ~ l1 yy > ^"JVi/;i y 

<CY , .J • / ^ ~ V) ] \b{y) -b 2J+ , B \\f{y)\dy 

^ l^+iBjVn J 2 i+iB\2iB \x-y\ n - lUKyM 



: III + IV. 



When G L°°(S n 1 ), then it follows from Holder's inequality that 

oo 

III < C||fi|| L oo (5 n-i) ^ p+TBi y 2 . +ifi |%) - bv +lB \\f(y)\dy 



r- 

oo 



1 r 

< cwnu^-^ £ T^rrm ( / . I 6 ^ ~ h^'w^'/^y) d y ) 

x ( / |/(y)r^(y)dy) VP 

K -J2J+ 1 B y 



x ( / |6(y)-6 2J+1B | p 'u;-^( ?/ ) ( iy) W . 

Set u(y) = w~' p '^ p (y) = w 1 ~ p ' (y). In this case, since w G then we have 
u G A p i , it follows from the inequality (8) and the A p condition that 

oo ^ 

in < c||n|| £ . (fl „-i ) ||6|M|/|| £ p. 1 . (t0) • £ ]5jrrw\ w{2 ' +lB)K/P ■ < 2j+lB ) w 



3= 
oo 



<C||0|| ioo(5 „- 1) ||6||,||/|| LP ,. (lu) -^ U ;(2^ 1 J B)( K - 1 ^. (19) 
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When SI <G L q (S n 1 ), then by using Holder's inequality, the inequalities (3) 
and (12), we can deduce 



oo . 

ni^Cll^sn-i)^ y_ +i |%)-6 2 , +lB | 9 '|/(y)| 9 'cZy) 



< ciinii^^HftiMi/H^^ • JX^ 1 ^"- 1 )/". (20) 



Hence, for 1 < q < oo, </ < p < oo, by the estimates (19) and (20), we get 
1 / f \Vp ^ WS^ 1 -")/? 

<C|I&II.II/II «.-(»)• 
Again, in Theorem 4, we have already obtained the following inequality 



, .} - ■ I IQ{X V) \ \f{y)\ dy < C\\f\\ LPHw) ■ w^B)^ 1 ^. 

From (14), it follows immediately that 

oo 

IV < C\\bUf\\ LP , Hw) Y,3 ■ w^B^-VI*. 

The rest of the proof is exactly the same as that of (15), we finally obtain 

jwP W (x)dx) l ' P < C\\bUfh^ {w y 

Therefore, by combining the above estimates and taking the supremum over 
all balls B C t", we conclude the proof of Theorem 5. □ 
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